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Abstract
The axisymmetric static solution of Born-Infeld nonlinear electrodynamics with
ring singularity is investigated. This solution is considered as a static part of massive
charged particle with spin and magnetic moment. The method for obtaining the
appropriate approximate solution is proposed. An approximate solution is found.
The values of spin, mass, and magnetic moment is obtained for this approximate
solution.
The purpose of the present work is construction of the field model for massive charged
elementary particle with spin and magnetic moment as a soliton solution of nonlinear
electrodynamics.
In this approach the mass and the spin of the particle have fully field nature and must
be calculated with integration of the appropriate densities over tree-dimensional space.
The charge and the magnetic moment characterize the singularities and the behaviour
of the fields at space infinity.
This theme was discussed in my articles (see [1, 2, 3, 4]).
Here we considered the appropriate soliton solution with ring singularity in Born-Infeld
nonlinear electrodynamics.
For inertial reference frames and in the region outside of field singularities, the equa-
tions are
divB = 0 , divD = 0 ,
∂B
∂t
+ curlE = 0 ,
∂D
∂t
− curlH = 0 , (1)
where
D =
1
L (E+ χ
2 JB) , H = 1L (B− χ
2 JE) (2)
L ≡
√
| 1− χ2 I − χ4 J 2 | , I = E · E−B ·B , J = E ·B .
Here E and H are electrical and magnetic field strengths, D and B are electrical and
magnetic field inductions.
Mass and spin is defined as three dimensional space integral from the appropriate
densities:
m =
∫
V
E dv , s =
∣∣∣∣
∫
V
r×P dv
∣∣∣∣ , (3)
1
where P =
1
4pi
D×B is the Poynting vector.
For Born-Infeld electrodynamics we have the following energy density:
E = 1
4pi χ2
(√
1 + χ2 (D2 +B2) + (4pi)2 χ4P2 − 1
)
. (4)
The behaviour of electrical and magnetic fields for particle solution at infinity is char-
acterized by electrical charge and magnetic moment. For more details see my paper [3]
In spherical coordinates the field components have the following form for r→∞:
{Dr, Dϑ, Dϕ} ∼ {Er, Eϑ, Eϕ} ∼
{ e
r2
, 0, 0
}
, (5)
{Hr, Hϑ, Hϕ} ∼ {Br, Bϑ, Bϕ} ∼
{
2µ cos ϑ
r3
,
µ sin ϑ
r3
, 0
}
. (6)
The electrical charge and the magnetic moment characterize also the behaviour of
fields near singularities.
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Figure 1: The section (ϕ = 0 ∪ ϕ =
pi) of the toroidal coordinate system
{ξ, η, ϕ} ({s, η, ϕ}).
Let us consider the toroid symmetry field config-
uration. We use the toroidal coordinate system {ξ ∈
[0,∞], η ∈ (−pi, pi], ϕ ∈ (−pi, pi]} which is obtained
with rotation of bipolar coordinate system around the
standing axis. It is convenient to use the new variable
s ≡ 1
cosh ξ
∈ [0, 1] instead of the variable ξ.
Let us consider the appropriate solution for linear
electrodynamics (D = E, H = B).
The components of electromagnetic potential for
the linear case have the following form:
A0 = − e
ρ0
√
2 s
√
1− s cos η P 0
−
1
2
(1/s) , (7)
Aϕ = −µ 2
√
2
ρ2
0
√
s
√
1− s cos η i P 1
−
1
2
(1/s) . (8)
where Pmn (x) is associated Legendre function.
The electrical and magnetic fields obtained from the potential {A0, 0, 0, Aϕ} (7), (8)
has the right behaviour at infinity (r→∞ in spherical coordinates) (5). The behaviour
of the field near the singular ring (s→0) is the following:
{Eξ, Eη, Eϕ} = {Dξ, Dη, Dϕ} =
{
− e
pi ρ2
0
s
, 0, 0
}
+ o(s−1) , (9)
{Bξ, Bη, Bϕ} = {Hξ, Hη, Hϕ} =
{
0, − 2µ
pi ρ3
0
s
, 0
}
+ o(s−1) . (10)
Let us search the appropriate solution for Born-Infeld electrodynamics in the following
form:
A0 = − e
ρ0
√
2
√
1− s cos η f1(s, η) , (11)
Aϕ =
µ
√
2
4 ρ2
0
√
1− s2
√
1− s cos η f2(s, η) , (12)
2
where the functions fi(s, η) must be found.
We take the condition of finiteness for the potentials (A0, Aϕ) and fields (E,B) as
physically defensible.
We can seek the functions fi(s, η) in the form of formal double series, that is the
power series in s and the Fourier series in η. But here we have the problem such that the
Lagrangian L for an appropriate approximate solution can become nonanalytic function
for sufficiently large values of variable s. To avoid the non-analyticity we must take
the condition (1 − χ2 I − χ4 J 2) ≥ 0. This condition can be satisfied with the help of
exponential smoothing factors. Thus let the appropriate approximate solution be have
the following form:
fi(s, η) ≈ fNKi = ci0 e−qi0 s
N+1
+
N∑
n=1
K∑
k=0
cink e
−qijk s
N+1
sn cos kη , (13)
where the integers N andM characterize the order of the approximation, qi0 ≥ 0, qink ≥ 0.
Then we substitute the field functions {E,B} obtained from the potentials (11), (12)
with the functions (13) to equations
divD = 0 , curlH = 0 (14)
with Born-Infeld relations D(E,B) and H(E,B) (2).
We have the fields near s = 0 in the following form:
{Eξ, Eη, Bξ, Bη} =
{
−e
√
ρ4
0
+ β2
ρ2
0
, 0, 0, −e β
ρ2
0
}
+O(s) , (15)
{Dξ, Dη, Hξ, Hη} =
{
− e
pi ρ2
0
s
, 0, 0, − e β
pi ρ2
0
s
√
ρ4
0
+ β2
}
+O(1) , (16)
where β = µ
/e ρ0
2
.
As we can see the fields {E,B} near s = 0 is finite and the fields {D,H} have the
behaviour of the same type that in the linear case (9), (10).
The extraction of the coefficients for sn and k-th Fourier harmonic in equations (14)
allows to have the linear systems for obtaining the coefficients cink.
The coefficients ci0 must be obtained from the conditions
fi(1, 0) = 1 (17)
These relation satisfy the conditions (5) and (6) at space infinity (r→∞).
The approximate solution of the form (13) was found for N = 3 and K = 3.
The obtained approximate solution in appropriate units (e = 1, r0 =
√|e χ| = 1)
has the following free parameters: radius of the ring ρ0, magnetic moment µ, smoothing
coefficients qi0, qijk.
But the solution of Born-Infeld electrodynamics under investigation should not have
continuous free parameters except for the electrical charge. Thus we must have a set of
free parameters appropriate for the best approximation to solution.
The appropriate values of the free parameters was found by the direct numerical
minimization of the action functional
∫
(L−1)dv with the condition (1−χ2 I−χ4 J 2) ≥ 0.
3
The action with the approximate solution under consideration reach a local minimum
for the following values:
ρ0 ≈ 0.95 r0 , µ ≈ 0.80 e ρ0
2
. (18)
We have the following mass and spin for the obtained field configuration:
m ≈ 10
χ2
, s ≈ 0.1 e
2
2α
, (19)
where α is the fine structure constant and e2/(2α) = ~/2.
It should be noted that the value µ ∼ e ρ0/2 can be considered as desirable for this
model (see my artice [5]).
Thus the obtained result is encouraging. But of course it must be considered as
preliminary.
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